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The Exp-function method with the aid of the symbolic computational system is used for construct-
ing generalized solitary solutions of the generalized Riccati equation. Based on the Riccati equation
and its generalized solitary solutions, new exact solutions with three arbitrary functions of quantum
Zakharov equations are obtained. It is shown that the Exp-function method provides a straightforward
and important mathematical tool for nonlinear evolution equations in mathematical physics.
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1. Introduction

The investigation of the travelling wave solutions
of nonlinear partial differential equations plays an im-
portant role in the study of nonlinear physical phe-
nomena. The nonlinear evolution equations are major
subjects in physical science, appearing in various sci-
entific and engineering fields, such as fluid mechan-
ics, plasma physics, optical fibers, biology, solid state
physics, chemical kinematics, and chemical physics.
Nonlinear wave phenomena of dissipation, diffusion,
reaction and convection are very important in nonlin-
ear wave equations. In the past several decades, new
exact solutions helped to find new phenomena. A va-
riety of powerful methods for obtaining the exact so-
lutions of nonlinear evolution equations has been pre-
sented [1 – 33].

More recently, He and Abdou [22], and El-Wakil
et al. [23, 25] proposed a straightforward and concise
method, called Exp-function method, to obtain gener-
alized solitary solutions and periodic solutions; appli-
cations of the method for solving nonlinear evolution
equations arising in mathematical physics can be found
in [22 – 26]. The solution procedure of this method,
with the aid of Maple, is of utter simplicity, and this
method can easily be extended to other kinds of non-
linear evolution equations.
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Here, the Exp-function method is proposed for seek-
ing new generalized solitary solutions of the general-
ized Riccati equation

φ ′ = q + rφ(ξ )+ pφ2(ξ ), (1)

where p, q and r are constants to be determined later.
Then (1) and its generalized solitary solutions are em-
ployed to find new and more general exact solutions of
the quantum Zakharov equations [34, 35]

i
∂E
∂t

+
∂2E
∂x2 −H2 ∂4E

∂x4 = nE,

∂2n
∂t2 − ∂2n

∂x2 + H2 ∂4n
∂x4 =

∂2|E|2
∂x2 ,

(2)

where E is the electric field, n the plasma density, and
H the dimensionless quantum parameter,

H =
h̄ω

kBTe
.

The quantum parameter H given in (2) expresses the
ratio between the ion plasma energy and the electron
thermal energy. If we set h̄ = 0 , i. e. H = 0, we simply
obtain the classical model. At the classical level, a set
of coupled nonlinear wave equations describing the in-
teraction between high frequency Langmuir waves and
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low frequency ion acoustic waves was first derived by
Zakharov [34, 35].

2. The Exp-Function Method for the Generalized
Riccati Equation

Introducing a complex variable η defined as

η = kξ + w,

where k is a constant to be determined later and w is an
arbitrary constant, (1) becomes

kφ ′ −q− rφ − pφ2 = 0. (3)

According to the Exp-function method [22 – 26], we
assume that the solution of (3) can be expressed as

φ(η) =
∑d

n=−c an exp(nη)
∑g

m=− f bm exp(mη)
, (4)

where c, d, f and g are positive integers unknown and
to be determined later, an and bm are unknown con-
stants. Equation (4) can be re-written as

φ(η) =
ac exp(cη)+ . . . + a−d exp(−dη)
b f exp( f η)+ . . .+ b−g exp(−gη)

. (5)

In order to determine values of c and f , we balance the
linear term of the highest-order in (3) with the highest-
order nonlinear term φ ′ and φ2. Then we have

φ ′ =
c1 exp[( f + c)η ]+ . . .

c2 exp[2 f η ]+ . . .
, (6)

φ2 =
c3 exp[2cη ]+ . . .

c4 exp[2 f η ]+ . . .
, (7)

where ci are coefficients for simplicity. By balancing
the highest order of the Exp-function in (6) and (7), we
have

c + f = 2c, (8)

which leads to the results f = c. Proceeding in the same
manner as illustrated above, we can determine values
of d and g. Balancing the linear term of lowest order in
(3), we have

φ ′ =
d1 exp[−(g + d)η ]+ . . .

d2 exp[−2gη ]+ . . .
, (9)

φ2 =
d3 exp[−2dη ]+ . . .

d4 exp[−2gη ]+ . . .
, (10)

where di are coefficients for simplicity. By balancing
the highest order of the Exp-function in (9) and (10),
we have

−(g + d) = −2d, (11)

which leads to the result g = d. We can freely choose
the values of c and d, but the final solution does not
strongly depend upon the choice of values of c and d
[22]. For simplicity, we set f = c = 1 and d = g = 1,
then (5) becomes

φ(η) =
a1 exp(η)+ a0 + a−1 exp(−η)
b1 exp(η)+ b0 + b−1 exp(−η)

. (12)

Substituting (12) into (3), we have

1
A

[
C2 exp(2η)+C1 exp(η)+C0

+C−1 exp(−η)+C−2 exp(−2η)
]
= 0,

A =
[
b1 exp(η)+ b0 + b−1 exp(−η)

]2
,

C2 = −pa2
1 −qb2

1 − ra1b1,

C1 = ka1b0 − ka0b1 −2qb1b0 −2pa1a0

− ra1b0 − ra0b1,

C0 = −ra0b0 −2pa1a−1 −2ka−1b1

−qb2
0 − ra−1b1 + 2ka1b−1

− pa2
0 − ra1b−1 −2qb1b−1,

C−1 = −ka−1b0 + ka0b−1 −2qb0b−1

−2pa0a−1 − ra0b−1 − ra−1b0,

C−2 = −ra−1b−1 −qb2
−1− pa2

−1.

(13)

Equating the coefficients of exp( jη) ( j = 2,1,0, −1,
−2) to zero, we have

C−2 = 0,C1 = 0,C0 = 0,C2 = 0,C−1 = 0.

Solving this system of algebraic equations with the aid
of Maple, we obtain the following cases.

Case A.

k = 1, b0 = 0, a0 = 0, b1 = b1,

a−1 = a−1, b−1 = −a−1(r + 2)
2q

,

a1 = − 2qb1

−2 + r
, p =

(r + 2)(2 + r)
4q

.

(14)
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Case B.

k = −i, b0 = 0, a0 = 0, b1 = b1,

a−1 = a−1, b−1 = −a−1(r−2i)
2q

,

a1 = − 2qb1

2i+ r
, p =

(r−2i)(2i+ r)
4q

.

(15)

Case C.

k = 1, b0 = b0, a0 = a0, b1 = b1,

a1 = − 2qb1

−1 + r
, p =

r2 −1
4q

,

a−1 =
[
a2

0r3 − r2a2
0 − ra2

0 + a2
0 + 4qa0b0r2

−4qra0b0 + 4rq2b2
0 −4q2b2

0
]/

8qb1,

b−1 =
(
a0r2 −a0 + 2qb0 + 2rqb0

)
· (−2qb0 + r2a0 −a0 + 2rqb0

)/
16q2b1.

(16)

Substituting (14) into (12), we obtain the following
generalized solitary solution of (1):

φ(η) =
− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)

,

η = ξ + w.

(17)

If we set a−1 = −q2, b1 = 1, r = 1 and w = 0, (17)
reduces to

φ(η) = 2q
2exp(ξ )−qexp(−ξ )
2exp(ξ )+ 3qexp(−ξ )

. (18)

For a−1 = q2, b1 = 1, r = 1 and w = 0, (17) yields

φ(η) = 2q
2exp(ξ )+ qexp(−ξ )
2exp(ξ )−3qexp(−ξ )

. (19)

Substituting (15) into (12), admits the new generalized
solitary solution of (1)

φ(η) =
− 2qb1

2i+r exp(η)+ a−1 exp(−η)

b1 exp(η)+ a−1(r−2i)
2q exp(−η)

,

η = −iξ + w.

(20)

If we set a−1 = 1, b1 = i, r = 1 and w = 0, (20) becomes

φ(η) = −2q
[
2qiexp(−iξ )−2iexp(iξ )

− exp(iξ )
][

(2i+ 1)(2qiexp(−iξ )

− exp(iξ )+ 2iexp(iξ ))
]−1

.

(21)

If we set a−1 = −1, b1 = i, r = 1 and w = 0, then (20)
becomes

φ(η) = −2q
[
2qiexp(−iξ )+ 2iexp(iξ )

+ exp(iξ )
][

(2i+ 1)(2qiexp(−iξ )

+ exp(iξ )−2iexp(iξ ))
]−1

.

(22)

Substituting (16) into (12), admits the following gen-
eralized solitary solution of (1):

φ(η) =
{
− 2qb1

r−1
exp(η)+ a0 +

(
a2

0r3 − r2a2
0

− ra2
0 + a2

0 + 4qa0b0r2 −4qra0b0

+ 4rq2b2
0 −4q2b2

0
)

exp(−η)
/

8qb1

}/
{

b1 exp(η)+ b0 +
(
a0r2 −a0 + 2qb0

+ 2rqb0
)(−2qb0 + r2a0 −a0

+ 2rqb0
)

exp(−η)
/

16q2b1

}
,

η = ξ + w.

(23)

If we set a0 = 4iq
√

q, b1 = 1, r = 2, b0 = 0 and w = 0,
then (23) reduces to

φ(η) =−2q
(exp(ξ )−2i

√
q+ 3qexp(−ξ ))

(exp(ξ )+ 9qexp(−ξ ))
. (24)

In case of a0 = 4q
√

2q, b1 = 1, r = 2, b0 = 2
√

q and
w = 0, (23) reduces to

φ(η) = −2q
(− exp(ξ )+ 2

√
2q+ 7qexp(−ξ )

+ 4q
√

2exp(−ξ )
)(− exp(ξ )

−2
√

q+ 21qexp(−ξ )

+ 12q
√

2exp(−ξ )
)
.

(25)

It has to be noted, that the solutions obtained in (17),
(20) and (23) are exactly the same as those obtained in
[24] in case of r = 0.

3. Exact Solutions of the Quantum Zakharov
Equations

To look for the travelling wave solutions of (2), we
make the ansatz

E(x, t) = U(ξ )exp[i(kx + ct + δ1)],

ξ = x + t + δ2, n(x, t) = N(ξ ),
(26)

where k, c, δ1 and δ2 are constants to be determined.
Substituting (26) into (2) and separating the real and
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imaginary parts lead to

(1 + 2k + 4H2k3)U ′ −4H2kU ′′′ = 0, (27)

(−c− k2 −H2k4 −N)U

+(1 + 6H2k2)U ′′ = H2U ′′′′,
(28)

H2N′′′′ −2U ′2−2UU ′′ = 0. (29)

Inserting the differential of (27) into (28) gives

[−c− k2 −H2k4 −N]U

+
[
1 + 6H2k2 − 1

4k
(1 + 2k + 4H2k3)

]
U ′′ = 0.

(30)

Using the generalized F-expansion method, we sup-
pose that the solutions of (29) and (30) can be ex-
pressed by

U(ξ ) =
M1

∑
i=0

kiφ i(ξ )+
M1

∑
i=0

hiφ−i(ξ ), (31)

N(ξ ) =
M2

∑
i=0

ciφ i(ξ )+
M2

∑
i=0

diφ−i(ξ ). (32)

Balancing the highest linear terms with the highest
nonlinear terms in (29) and (30), we find M1 = 2,
M2 = 2 and

U(ξ ) = k0 + k1φ(ξ )+ k2φ2(ξ )+ h0

+ h1φ−1(ξ )+ h2φ−2(ξ ),
(33)

N(ξ ) = c0 + c1φ(ξ )+ c2φ2(ξ )+ d0

+ d1φ−1(ξ )+ d2φ−2(ξ ).
(34)

Substituting (33) and (34) into (29) and (30) along with
(1), and setting each coefficients of φ i(ξ ) to zero, we
can deduce the set of algebraic equations for k0, k1, k2,
h0, h1, h2, c0, c1, c2, d0, d1 and d2. Solving the set of
algebraic equations, we can distinguish the following
different cases:

Case 1. When q = 0, r = 1, p = −1, then

k = k, c = c, d0 = d0, h0 = h0, h1 = 0,

d1 = 0, c1 = −3
2

20k3H2 −1 + 2k
k

,

d2 = − 1
160

20k3H2 −1 + 2k
k

,

c2 =
3
2

20k3H2 −1 + 2k
k

,

k2 =

√
−−180k3H2 + 9−18k

k
H,

k1 = −
√
−−180k3H2 + 9−18k

k
H,

c0 = − 1
8k

(
8k5H2 −20H2k3 + 8k3 −2k + 8ck

+ 1 + 8kd0
)
,

k0 =−
3H−6Hk−60k3H3+4b0

√
−−180k3H2+9−18k

k k

4
√
−−180k3H2+9−18k

k k
,

h2 = − 3
80

H(20H2k3 −1 + 2k)√
−180k3H2+9−18k

k k
. (35)

Case 2. When q = 0, r = −1, p = 1, then

k = k, c = c, d0 = d0, h0 = h0, h1 = 0,

d1 = 0, c1 = −3
2

20k3H2 −1 + 2k
k

,

d2 = − 1
160

20k3H2 −1 + 2k
k

,

c2 =
3
2

20k3H2 −1 + 2k
k

,

k2 =

√
−−180k3H2 + 9−18k

k
H,

k1 = −
√
−−180k3H2 + 9−18k

k
H,

c0 =−8k5H2 −20H2k3 + 8k3 −2k + 8ck + 1 + 8kd0

8k
,

k0 =−
3H−6Hk−60k3H3+4b0

√
−−180k3H2+9−18k

k k

4k
√
−−180k3H2+9−18k

k k
,

h2 = − 3
80

H(20H2k3 −1 + 2k)

k
√

−180k3H2+9−18k
k k

. (36)

Case 3. When q = 1
2 , r = 0, p = − 1

2 , then

c0 = c0, k = k, c = c, k1 = 0,

d0 =−4k5H2 + 20H2k3 + 4k3 + 2k + 4ck−1 + 4kc0

4k
,

h0 = h0, h1 = 0, d1 = 0, c1 = 0,
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d2 = − 1
40

20k3H2 −1 + 2k
k

,

c2 =
3
8

20k3H2 −1 + 2k
k

,

k2 =
1
4

√
−−180k3H2 −9−18k

k
H,

k0=−
−3H+6Hk+60k3H3+2b0

√
−−180k3H2−9−18k

k k

2
√
−−180k3H2−9−18k

k k
,

h2 = − 3
20

H(20H2k3 −1 + 2k)√
−−180k3H2−9−18k

k k
. (37)

Case 4. When q = 1, r = 0, p = −1, then

c1 = 0, k = k, c = c, k1 = 0, k0 = k0,

d0 = d0, d1 = 0, h1 = 0,

c0 = −k5H2 + 20H2k3 + k3 + 2k + ck−1 + kd0

k
,

c2 =
3
2

2k−1 + 20H2k3

k
,

d2 = − 1
10

20k3H2 −1 + 2k
k

,

k2 =

√
−−180k3H2 + 9−18k

k
H,

h0=
−6H+12Hk+120k3H3+a0

√
−−180k3H2+9−18k

k k√
−−180k3H2+9−18k

k k
,

h2 = −3
5

H(20H2k3 −1 + 2k)

−
√
−−180k3H2+9−18k

k k
. (38)

Case 5. When q = 1, r = 0, p = 1
2 , then

h0 = h0, c1 = 0, k = k, c = c, k1 = 0,

d0 = d0, d1 = 0, h1 = 0,

c0 =−4k5H2 −20H2k3 + 4k3 + 4ck−2k + 1 + 4kd0

4k
,

c2 =
3
8

20k3H2 −1 + 2k
k

,

d2 = − 1
40

20k3H2 −1 + 2k
k

,

k2 =
1
4

√
−−180k3H2 + 9−18k

k
H,

k0 =
−3H+6Hk+60k3H3−2b0

√
−−180k3H2+9−18k

k k

2
√
−−180k3H2+9−18k

k k
,

h2 = − 3
20

H(20H2k3 −1 + 2k)√
−−180k3H2+9−18k

k k
. (39)

Case 6. When q = − 1
2 , r = 0, p = − 1

2 , then

h0 = h0, c1 = 0, k = k, c = c, k1 = 0,

c0 =−4k5H2 −20H2k3 + 4k3 −2k + 4ck + 1 + 4kd0

4k
,

c2 =
3
8

2k−1 + 20H2k3

k
,

d0 = d0, d1 = 0, h1 = 0,

d2 = − 1
40

20k3H2 −1 + 2k
k

,

k2 =
1
4

√
−−180k3H2 + 9−18k

k
H,

k0 =
−3H+6Hk+60k3H3−2b0

√
−−180k3H2+9−18k

k k

2
√
−−180k3H2+9−18k

k k
,

h2 = − 3
20

H(20H2k3 −1 + 2k)

−
√
−−180k3H2+9−18k

k k
. (40)

Case 7. When q = 1, r = 0, p = 1, then

h1 = 0, c1 = 0, k = k, c = c,

c0 = c0, d1 = 0,

c2 =
3
2

2k−1 + 20H2k3

k
,

h0 =
2H
3

√
18k−9 + 180H2k3

k
,

d0 = −k5H2 −20H2k3 + k3 + c0k + ck + 1−2k
k

,

k1 = 0, d2 = − 1
10

20k3H2 −1 + 2k
k

,

k2 =

√
−−180k3H2 + 9−18k

k
H,
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k0 =
6H−12Hk−120k3H3+b0

√
−−180k3H2+9−18k

k k√
−−180k3H2+9−18k

k k
,

h2 = −3
5

H(20H2k3 −1 + 2k)√
−−180k3H2+9−18k

k k
. (41)

Case 8. When q = 0, r = 0, p �= 0, then

d1 = 0, k0 = −k0, c1 = 0,

k = k, c = c, h2 = h2,

h0 = h0, c0 = c0, k1 = 0, h1 = 0, d0 = d0,

c2 =
3
2

C2(2k−1 + 20H2k3)
k

,

k2 =

√
−−180k3H2 + 9−18k

k
C2H,

d2 = −b2(2k−1 + 20k3H3)

−−180k3H2+9−18k
Hk

. (42)

From (17), (35) and (26) we obtain the following new
exact formal solutions of (2):

n1(ξ ) = k0 +k1

[
− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)

]

+k2


− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)




2

+ h0

+h2


− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)



−2

,

E1(ξ ) =

[
c0 +c1


− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)




+c2


− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)




2

+ d0

+d2


− 2qb1

−2+r exp(η)+ a−1 exp(−η)

b1 exp(η)− a−1(r+2)
2q exp(−η)



−2 ]

· exp [i(kx + ct + δ1)] , (43)

where k0, k1, k2, h0, h2, c0, c1, c2, d0 and d2 are given
by (35).

Equations (20), (35) and (26) admit the exact travel-
ling solutions of (2) as

n2(ξ ) = k0 + k1φ(ξ )+ k2φ2(ξ )+ h0 + h2φ−2(ξ ),

E2(ξ ) =
[
c0 + c1φ(ξ )+ c2φ2(ξ )+ d0

+ d2φ−2(ξ )
]

exp [i(kx + ct + δ1)] ,

(44)

where φ(ξ ) is defined by (20), k0, k1, k2, h0, h2, c0, c1,
c2, d0 and d2 are given by (35).

From (23), (35) and (26) we obtain the exact travel-
ling solutions of (2) as

n3(ξ ) = k0 + k1φ(ξ )+ k2φ2(ξ )+ h0 + h2φ−2(ξ ),

E3(ξ ) =
[
c0 + c1φ(ξ )+ c2φ2(ξ )+ d0

+ d2φ−2(ξ )
]

exp [i(kx + ct + δ1)] ,

(45)

where φ(ξ ) is defined by (23), k0, k1, k2, h0, h2, c0, c1,
c2, d0 and d2 are given by (35).

It is worth noting that, by means of Cases 2 – 8 and
(17), (20) and (23), we can also obtain other exact so-
lutions of (2). We omit them here for simplicity. To the
best of our knowledge, solutions (43) – (45) have not
been reported in the literature.

4. Conclusions and Discussion

We present the Exp-function method and general-
ized F-expansion method by computerized symbolic
computation which are used for constructing new exact
solutions for quantum Zakharov equations. The main
idea of this method is to take full advantage of the
generalized Riccati equation which has more new so-
lutions. It seems that the Exp-function method is more
effective and simple than other methods, and a lot of
solutions can be obtained in the same time. In addition,
this method is also computerizable, which allows us to
perform complicated and tedious algebraic calculation
on a computer.

In view of the Exp-function method, we give a very
simple and straightforward method for nonlinear evo-
lution equations arising in mathematical physics. We
would like to make some important remarks on the
method:

1) The method leads to both generalized solitary so-
lutions and periodic solutions.

2) The expression of the Exp-function is more gen-
eral than the sinh-function and the tanh-function, so we
can find more general solutions with the Exp-function
method.
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3) The solution procedure, using Maple or Mathe-
matica, is of utter simplicity.

4) The Exp-function method can be employed in
both the straightforward way and the sub-equation
way. But we suggest that it is better to use this method
directly, not only for its convenience, but also because
it is sometimes possible to lose some information and
solutions if one applies it in the sub-equation way.
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